\S 1. Introduction
Throughout this paper we shall only be concerned with the piecewise linear category of polyhedra and piecewise linear maps (for the PL-category, [see 12] ), The purpose of the paper makes a study of a group of order preserving ambient isotopy classes of $(n, k, \mu)$ -links $L=(S^{n},\bigcup_{j=1}^{\mu}S_{j}^{k})$ in the metastable range.
In \S 2 we shall define a group SI $(n, k, \mu)$ of $(n, k, \mu)$ -link isotopy classes in the strong sense under $n-k\geqq 3$ (Cor. for Th. 1) and we will introduce a concept of cobordism between $(n, k, \mu)$ -link isotopy classes. Their cobordism classes form an abelian group $\mathscr{L}(n, k, \mu)$ provided $n-k\geq 3$ (Th. 1).
In \S 3 we will introduce a homotopy on the group SI $(n, k, \mu)$ . Then their homotopy classes form an abelian group $\ovalbox{\tt\small REJECT}(n, k, \mu)$ (Th. 2). In \S 4 we introduce a group $LM(n, k, \mu)$ as follows, called the $(n, k, \mu)$ -link matrix group. Let $LM(n, k, \mu)$ be a set of $(\mu\times\mu)$ -matrixes of the form satisfying that 1) $\lambda_{j}^{i}$ is an element of $\pi_{k}(S^{n-k-1}) $ 2) $e$ is the identity element of $\pi_{k}(S^{n-k-1})$ and 3) $\lambda_{f}^{i}=(-1)^{n-k}\lambda_{i}^{j}$ Then $LM(n, k, \mu)(n\geqq k+3)$ becomes an abelian group under the usual sum operation of matrixes. We will study relations between SI $(n, k, \mu)$ , $\mathscr{L}(n, k, \mu),$ $\mathscr{A}^{\prime}(n, k, \mu)$ and $LM(n, k, \mu)$ under some conditions. SI $(n, k, \mu)\cong \mathscr{L}(n, k, \mu)$ provided $n-k\geq 3$ (Th. 4): $\ovalbox{\tt\small REJECT}(n, k, \mu)\cong\ovalbox{\tt\small REJECT}(n, k, \mu)$ provided $2n\geq 3k+4$ (Th. 5 and 6). Hence we shall obtain the following main result of the paper. THEOREM 7. SI $(n, k, \mu)$ is isomorphic to $LM(n, k, \mu)$ provided $2n\geq 3k$ $+4$ .
\S 2.
The strong link isotopy group and the link cobordism group.
In the paper a manifold, say $M$ , is an orientable combinatorial manifold. Then The set of $(n, k, \mu)$ -links is classified by this equivalence relation into classes which are called $(n, k, \mu)$ -link isotopy classes. We denote the set of these classes Iso $(n, k, \mu)$ .
We can define the same thing for braids and denote the set of $(n, k, \mu)-$ braid isotopy classes BIso $(n, k, \mu)$ . 2)' $H(S_{1j}^{k}, 1)=(S_{2j}^{k}, 1),$ $j=1,2,$ $\cdots,$ $\mu$ .
The set of $(n, k, \mu)$ -links is classified by this equivalence relation into classes which are called $(n, k, \mu)$ -link isotopy classes in the strong sense. We denote the set of these classes SI $(n, k, \mu)$ . We can define the same thing for braids and denote the set of $(n, k, \mu)$ -braid isotopy classes in the strong sense BSI $(n, k, \mu)$ . DEFINITION 
Let
We say that $L_{1}$ is equivalent to $L_{2}$ if there is an orientation preserving homeomorphism $G$ of $S^{n}$ onto itself satisfying the conditions;
Throughout this paper we will always assume that $G|US_{1j}^{k}u$ is orienta-
tion preserving (or reversing) provided that $G$ is orientation preserving (or reversing).
We can define the same thing for braids. 1 $)^{\prime}$ $G(S_{1j}^{k})=S_{2j}^{k},$ $j=1,2,$ $\cdots,$ $\mu$ , we say $L_{1}$ to be equivalent to $L_{2}$ in the strong sense. The sets of $(n, k, \mu)-$ links and braids are classified by this equivalence relation into classes which are called strong $(n, k, \mu)$ -link types and strong braid types respectively. REMARK 2. Two links belong to the same strong link type if and only if they belong to the same strong isotopy class by [2] . DEFINITION 6. The standard $(n, k, \mu)$ -pair is the pair $\square =(D^{n},\bigcup_{j=1}^{\mu}D_{j}^{k})$ such that there is a commutative diagram where $\beta$ is the proper embedding satisfying $\beta(D_{j}^{k})=\Delta^{k}\times\{-1+\frac{2j}{\mu+1}\}$ , $j=1,2,$ $\cdots,$ $\mu$ and $s$ is a canonical homeomorphism.
An $(n, k, \mu)$ -link $L$ is trivial if $L$ is equivalent (or equivalently equivalent in the strong sense) to the boundary of the standard $(n+1, k+1, \mu)$-pair and an $(n, k, \mu)$ -braid $B$ is trivial if $B$ is equivalent (or equivalent in the strong sense) to the standard $(n, k, \mu)$ -pair. We shall denote both the trivial $(n, k, \mu)-$ link type and bnid type by $0$ . Let $L=(S^{n},\bigcup_{j=1}^{\prime l}S_{j}^{k})$ be an $(n, k, \mu)$ -link and
Similarly if
be an $(n, k, \mu)$ -bnid. We will denote 
PROOF. Let $\coprod=(\overline{D}^{n+1},\bigcup_{j=1}^{\mu}\tilde{D}_{j}^{k+1})$ be a standard $(n+1, k+1, \mu)$-pair such that . Hence 
So there is a commutative diagram is a natural homeomorphism and where 1 is the identity homeomorphism. From (1) and (2) ,
is a trivial $(n, k, \mu)$ -braid, complete the proof.
PROOF. Using [11] we may suppose that the homeomorphism $a$ of Lemma 1 is satisfying the condition Hence we may define $H=H_{2}^{-1}s_{2}(a\times 1\times 1)(s_{1}Us_{2})^{-1}(H_{1}UH_{2})$ . Let $ B=(D^{n}, UD_{j}^{k})\mu$ be an $(n, k, \mu)$ -braid and $\overline{B}=(D^{n-1}UD_{j}^{n-1})u$ be a trivial Since the complex $H^{-1}s(X\times 0)\cup\bigcup_{j=1}^{\mu}D_{j}^{k}$ is collapsible, $N$ is an n-ball [12. chap. And since it is obviously that $\bigcup_{j=1}^{\mu}D_{j}^{k}$ is split each other in $N,$ $C=(N,\bigcup_{j=1}^{\mu}D_{j}^{k})$ is a trivial braid.
is trivial there exist a homeomorphism be an $(n, k, \mu)$ -link and
PROOF. Since is the trivial braid, $\partial B_{0}=\partial B_{m+1}$ is a trivial $(n-1, k-1, \mu)$-link. We take a trivial $(n-1$ , is the required braid. PROOF. We may assume that $B_{1}$ and $B_{2}$ are disjoint, otherwise, using Lemma 5 and 6, we make them disjoint. Then by Lemma 5 there is a trivial $(n, k, \mu)$ -braid
there are an automorphism $G$ of $D_{0}^{n}$ and an isotopy $G_{t}$ , which can be extended to the whole of $S^{n}$ which is identity outside of $D_{0}^{n}$ . The extension is denoted by also $G,$ $G_{t}$ respectively. Then by the choice of $G$ and Lemma 6 it can be easily checked that they satisfy the conditions of Lemma.
LEMMA 8. Let $B_{i}=(D_{i}^{n},\bigcup_{j=1}^{\mu}D_{ij}^{k}),$ $i=1,2$, be $(n, k, \mu)$ -braids and $B_{3}=(D_{3}^{n-1}$ , such that pairs of subcomplexes
Similary the following is proved.
is an $(n, k, \mu)$ -link.
LEMMA 10. Let $B=(D^{n},\bigcup_{j=1}^{\mu}D_{j}^{k})$ be an $(n, k, \mu)$ -braid and $L_{i}=(S^{n},\bigcup_{j=1}^{\mu}S_{ij}^{k})$ , where $D_{j}^{1}\cong[0,1]$ and 3) $S_{1j}^{k}$ induces an orientation on $0\times D_{j}^{k}$ which is opposite to one induced from $D_{j}^{1}\times D_{j}^{k}$ and $S_{2j}^{k}$ induces an orientation on $1\times D_{j}^{k}$ which is opposite to one induced from $D_{j}^{1}\times D_{j}^{k}$ .
We define the sum to be $l=l_{1}+l_{2}$ . is ambient isotopic to $L$ by [12] provided $n-k\geqq 3$ . Hence . Let $l_{i}$ be strong link types, $i=1,2$. We say $l_{1}$ is link
The link cobordant is a symmetric relation provided $n-k\geq 3$ .
LEMMA 13. Let $n-k\geq 3$ and let $l_{1},$ $l_{2}$ be strong $(n, k, \mu)$ -link types such that COROLLARY. When $n-k\geqq 3$ , the commutative semigroup of strong $(n, k, \mu)$ -link tyPes become a commutative grouP under sum oPeration.
(We also denote this group SI $(n,$ $k,$ $\mu)$ ). For a strong link type
PROOF. It is sufficiently to show that $l-l$ becomes the class containing a trivial link. By Lemma 14 $l-l,\sim 0$ and using [10. Th. 7] $l-l$ is the class containing a trivial link provided $n-k\geqq 3$ .
Complete the proof. We say that $l_{1}$ is link homotopic to $l_{2}$ , written $l_{1}\sim l_{2}$ , if $l_{1}-l_{2}\sim 0$ . Whenever $n-k\geqq 3$ , the link homotopy is obviously well defined and an equivalence relation between strong $(n, k, \mu)$ -link types and the set of strong $(n, k, \mu)$ -link types are classified by this equivalence relation into classes which are called $(n, k, \mu)$ -link homotopy class.
By the sum operation given by Definition 7, the set of link homotopy classes form a commutative semi-group with $0$ provided $n-k\geqq 3$ (link homotopy class containing the trivial type). We now prove the existence of inverses.
LEMMA 15. Let group by the sum operation provided $n-k\geq 3$ . We call this group $(n, k, \mu)-$ link homotopy group and denotes $H(n, k, \mu)$ .
\S 4. The structure of $L(n, k, \mu),$ $H(n, k, \mu)$ and the related results. It is obviously that $L(n, k, 1)$ is equivalent to knot cobordism group defined by [11] .
Hence the following is obvions. THEOREM 3.
$L(n, k, 1)$ $\left\{\begin{array}{ll}\cong & \{0\} \iota\beta n-k\geq 3 [13] \\\cong & \{0\} \iota fn-k=2, n=even [8] \\= & infitely generated \iota fn-k=2, n=3 [1] \end{array}\right.$ $n\geq 5$ , odd [8] .
THEOREM 4. The group $Sl(n, k, \mu)$ is isomorphic to the group $L(n, k, \mu)$ provided $n-k\geq 3$ .
PROOF. If a strong $(n, k, \mu)$ -link type PROOF. Using Alexander's duylity theorem (see [9] ), we obtain
And $H_{0}(X)\cong Z$ since $X$ is connected and $H_{n-1}(X)\cong G$ where $G$ is some abelian group, for example $G\cong Z$ if $\mu=2$ .
On the other hand
Hence $H_{i}(X)=H_{i}(_{j=1}^{\mu}S_{j}^{n-k-1})$ for $i\leqq n-2$ . Since both $X$ and $_{j=1}^{\mu}S_{j}^{n-k-1}$ are simply connected provided $n-k\geq 3,$ $g^{*}:$ $\pi_{i}(\vee\mu S^{n-k-1})\rightarrow\pi_{i}(X)$ is an isomorphism for $i\leqq n-2$ by the theorem of J.H.C. Whitehead (see [9] 
is a homotopically trivial link, $S_{j}^{k}$ is homotopic to a point in $\overline{S^{n}-\cup S_{i}^{k}}$ for all $j$ .
$i\neq j$
Since $(n-k-2)-(2k-n+2)=2n-3k-4\geq 0$ and since $2n\geqq 3k+4$ implies $n-k\geqq 3$ for all positive integers $n,$ $k$ , using Zeeman's Unknotting Theorem [12, provided $2n\geqq 3k+3$ and $n-k\geqq 3$ by Irwin's Embedding Theorem ([7] , [12] ). Hence $L_{\dot{n}_{\vee}}=(S_{i}^{n}, \cup S_{ij}^{k}\cup f_{i}(S_{ii}^{k}))$ is an $(n, k, \mu)$ -link such that onto $LM(n, k, \mu)$ provided $n-k\geqq 3$ and $2n\geqq 3k+3$ .
Furthermore it is easy to show that this map is a homomorphism. Next we will show that the epimorphism defined above is an isomorphism provided $2n\geqq 3k+4$ . Let From Theopem 4, 5 and 6 we obtain the main result. THEOREM 7. SI $(n, k, \mu)$ is isomorphic to $LM(n, k, \mu)$ provided $2n$ $\geq 3k+4$ .
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